
Ruoxuan Xiong

Suggested reading: ISL Chapter 8 and 10

QTM 347 Machine Learning

Lecture 16: Boosting



Lecture plan

• Gradient boosting

• AdaBoost

• XGBoost
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Boosting (combine weak learners)

• Step 1: Set መ𝑓 𝑥 = 0, and 𝑟𝑖 = 𝑦𝑖 for 𝑖 = 1, ⋯ , 𝑛.

• Step 2: For 𝑏 = 1, ⋯ , 𝐵, iterate:

• Fit a decision tree መ𝑓𝑏 with 𝑑 splits (𝑑 + 1 terminal nodes) to the response 𝑟1, ⋯ , 𝑟𝑛

• Update the prediction to

መ𝑓 𝑥 ← መ𝑓 𝑥 + 𝜆 መ𝑓𝑏 𝑥

• Update the residuals

𝑟𝑖 ← 𝑟𝑖 − 𝜆 መ𝑓𝑏 𝑥𝑖

• Step 3: Output the final model

መ𝑓 𝑥 = 

𝑏=1

𝐵

𝜆 መ𝑓𝑏 𝑥
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Boosting

3/26/2025

𝑋1 𝑌1

𝑋2 𝑌2

𝑋3 𝑌3

𝑋4 𝑌4

𝑋5 𝑌5

መ𝑓1(𝑥) 

𝑋1 𝑟1
1

𝑋2 𝑟2
1

𝑋3 𝑟3
1

𝑋4 𝑟4
1

𝑋5 𝑟5
1

𝑟𝑖
1 ← 𝑌𝑖 − 𝜆 መ𝑓1 𝑋𝑖

መ𝑓2(𝑥) 

𝑋1 𝑟1
2

𝑋2 𝑟2
2

𝑋3 𝑟3
2

𝑋4 𝑟4
2

𝑋5 𝑟5
2

𝑟𝑖
2 ← 𝑟𝑖

1 − 𝜆 መ𝑓2 𝑋𝑖

መ𝑓3(𝑥) 

⋯ 

|CAtBat < 1452

5.093 6.464

|Assists < 222.5

 0.04544 -0.16420

|RBI < 14.5

 0.29520 -0.01167

መ𝑓 𝑥 = 𝜆 መ𝑓1 𝑥 + 𝜆 መ𝑓2 𝑥 + 𝜆 መ𝑓3 𝑥 + ⋯ + 𝜆 መ𝑓𝐵(𝑥)



AdaBoost

• A particular method of  training a boosted classifier 

• For example, 𝑌 ∈ −1,1  is binary

𝑋1 𝑌1 1/5

𝑋2 𝑌2 1/5

𝑋3 𝑌3 1/5

𝑋4 𝑌4 1/5

𝑋5 𝑌5 1/5

Fitted tree መ𝑓1(𝑥)
Correctly predict all 

samples besides 𝑌3 and 𝑌5  

Initial weight

𝐴𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑡𝑎𝑦 =
1

2
log

1 − 𝑇𝑜𝑡𝑎𝑙 𝐸𝑟𝑟𝑜𝑟

𝑇𝑜𝑡𝑎𝑙 𝐸𝑟𝑟𝑜𝑟
=

1

2
log

1 − 2/5

2/5
= 0.088

𝑇𝑜𝑡𝑎𝑙 𝐸𝑟𝑟𝑜𝑟 =
1

𝑛


𝑖

𝐼( መ𝑓 𝑋𝑖 ≠ 𝑌𝑖) =
2

5

Next we increase the sample weight for the sample that was 

incorrectly classified. We decrease the sample weight for the sample 

that was correctly classified.



AdaBoost

• A particular method of  training a boosted classifier

• For example, 𝑌 ∈ −1,1  is binary

𝐴𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑡𝑎𝑦 =
1

2
log

1 − 𝑇𝑜𝑡𝑎𝑙 𝐸𝑟𝑟𝑜𝑟

𝑇𝑜𝑡𝑎𝑙 𝐸𝑟𝑟𝑜𝑟
=

1

2
log

1 − 2/5

2/5
= 0.088

Next we increase the sample weight for the sample that was 

incorrectly classified

𝑁𝑒𝑤 𝑠𝑎𝑚𝑝𝑙𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 = 𝑠𝑎𝑚𝑝𝑙𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 × exp 𝐴𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑡𝑎𝑦

𝑁𝑒𝑤 𝑠𝑎𝑚𝑝𝑙𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 =
1

5
× exp 𝐴𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑡𝑎𝑦 = 0.2184

We decrease the sample weight for the sample that was 

correctly classified

𝑋1 𝑌1 1/5

𝑋2 𝑌2 1/5

𝑋3 𝑌3 1/5

𝑋4 𝑌4 1/5

𝑋5 𝑌5 1/5

Fitted tree መ𝑓1(𝑥)
Correctly predict all 

samples besides 𝑌3 and 𝑌5  

Initial weight

𝑁𝑒𝑤 𝑠𝑎𝑚𝑝𝑙𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 = 𝑠𝑎𝑚𝑝𝑙𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 × exp −𝐴𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑡𝑎𝑦

𝑁𝑒𝑤 𝑠𝑎𝑚𝑝𝑙𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 =
1

5
× exp −𝐴𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑡𝑎𝑦 = 0.1831



AdaBoost

• A particular method of  training a boosted classifier

• For example, 𝑌 ∈ −1,1  is binary

𝑋1 𝑌1 1/5

𝑋2 𝑌2 1/5

𝑋3 𝑌3 1/5

𝑋4 𝑌4 1/5

𝑋5 𝑌5 1/5

Fitted tree መ𝑓1(𝑥)
Correctly predict all 

samples besides 𝑌3 and 𝑌5  

Initial weight

𝑋1 𝑌1 0.1831

𝑋2 𝑌2 0.1831

𝑋3 𝑌3 0.2184

𝑋4 𝑌4 0.1831

𝑋5 𝑌5 0.2184

New weight

Update weight

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑤𝑒𝑖𝑔ℎ𝑡𝑠 =  0.9862 ≠ 1



AdaBoost

• A particular method of  training a boosted classifier

• For example, 𝑌 ∈ −1,1  is binary

𝑋1 𝑌1 1/5

𝑋2 𝑌2 1/5

𝑋3 𝑌3 1/5

𝑋4 𝑌4 1/5

𝑋5 𝑌5 1/5

Fitted tree መ𝑓1(𝑥)
Correctly predict all 

samples besides 𝑌3 and 𝑌5  

Initial weight

𝑋1 𝑌1 0.1831/0.9862

𝑋2 𝑌2 0.1831/0.9862

𝑋3 𝑌3 0.2184/0.9862

𝑋4 𝑌4 0.1831/0.9862

𝑋5 𝑌5 0.2184/0.9862

New weight

Update weight

Fitted tree መ𝑓2(𝑥)
መ𝑓 𝑥 = 𝑆𝑖𝑔𝑛 

𝑏=1

𝐵

𝜆𝑏
መ𝑓𝑏 𝑥

⋯ 

Predict the most likely class



XGBoost

• XGBoost (eXtreme Gradient Boosting) is an open-source software 
library that provides a regularized gradient-boosting framework 

• Objective function is

𝑜𝑏𝑗 𝜃 = 𝐿 𝜃 + Ω(𝜃)

• 𝐿 = σ𝑖 𝑙 𝑌𝑖 , 𝑌𝑖  is the training loss function

• Regression problem: 𝑙 𝑌𝑖, 𝑌𝑖 = 𝑌𝑖 − 𝑌𝑖
2

• Classification problem: 𝐿 can be the logistic loss



XGBoost

• XGBoost (eXtreme Gradient Boosting) is an open-source software 
library that provides a regularized gradient-boosting framework 

• Objective function is

𝑜𝑏𝑗 𝜃 = 𝐿 𝜃 + Ω(𝜃)

• Ω = σ𝑏 𝜔 𝑓𝑏  is the regularization term

• 𝜔 𝑓 = 𝛾𝑇 +
1

2
𝜁 σ𝑗=1

𝑇 𝑤𝑗
2 where 𝑓𝑏 𝑥 = 𝑤𝑞(𝑥), 

and 𝑞 is a function assigning each data point to the 
corresponding leaf



Additive training

• Parameters 𝜃 of  trees: structure of  the tree and leaf  predicted values

• Let the prediction value at step 𝑡 be 𝑌𝑖
(𝑡)

. Then we have (ignore 𝜆)

• 𝑌𝑖
(0)

= 0

• 𝑌𝑖
(1)

= 𝑌𝑖
(0)

+ 𝑓1 𝑋𝑖 = 𝑓1 𝑋𝑖

• 𝑌𝑖
(2)

= 𝑌𝑖
(1)

+ 𝑓2 𝑋𝑖 = 𝑓1 𝑋𝑖 + 𝑓2 𝑋𝑖

• ⋯

• 𝑌𝑖
(𝑡)

= 𝑌𝑖
(𝑡−1)

+ 𝑓𝑡 𝑋𝑖 = σ𝑏=1
𝑡 𝑓𝑏(𝑋𝑖)

• XGBoost provides an approach to obtain 𝑓𝑡 𝑋𝑖  that can reduce 𝑜𝑏𝑗 𝜃



Taylor expansion of  the objective function
• Objective function at step 𝑡

𝑜𝑏𝑗 𝑡 = σ𝑖=1
𝑛 𝑙 𝑌𝑖 , 𝑌𝑖

𝑡
+ σ𝑏=1

𝑡 𝜔 𝑓𝑏  

 = σ𝑖=1
𝑛 𝑙 𝑌𝑖 , 𝑌𝑖

𝑡−1
+ 𝑓𝑡(𝑋𝑖) + σ𝑏=1

𝑡 𝜔 𝑓𝑏  

• We take the Taylor expansion of  the loss function to the second order

𝑙 𝑌𝑖 , 𝑌𝑖
𝑡−1

+ 𝑓𝑡(𝑋𝑖) = 𝑙 𝑌𝑖 , 𝑌𝑖
𝑡−1

+ 𝑔𝑖𝑓𝑡 𝑋𝑖 +
1

2
ℎ𝑖 𝑓𝑡 𝑋𝑖

2

• 𝑔𝑖 and ℎ𝑖 are the first-order and second-order derivatives of  𝑙 𝑌𝑖 , 𝑌𝑖
𝑡−1

 w.r.t. 𝑌𝑖
𝑡−1

• Treat 𝑙 𝑌𝑖 , 𝑌𝑖
𝑡−1

 as a constant term

• Example (MSE loss) 

𝑌𝑖 − ( 𝑌𝑖
𝑡−1

+ 𝑓𝑡 𝑋𝑖 )
2

= 𝑌𝑖 − 𝑌𝑖
𝑡−1

2
+ 2 𝑌𝑖

𝑡−1
− 𝑌𝑖 𝑓𝑡 𝑋𝑖 + 𝑓𝑡 𝑋𝑖

2

• 𝑔𝑖 = 2 𝑌𝑖
𝑡−1

− 𝑌𝑖  and ℎ𝑖 = 2



The structure score

• Objective function at step 𝑡

𝑜𝑏𝑗 𝑡 = σ𝑖=1
𝑛 𝑙 𝑌𝑖 , 𝑌𝑖

𝑡
+ σ𝑏=1

𝑡 𝜔 𝑓𝑏  

 = σ𝑖=1
𝑛 𝑔𝑖𝑓𝑡 𝑋𝑖 +

1

2
ℎ𝑖 𝑓𝑡 𝑋𝑖

2 + 𝛾𝑇 +
1

2
𝜁 σ𝑗=1

𝑇 𝑤𝑗
2 

           = σ𝑖=1
𝑛 𝑔𝑖𝑤𝑞 𝑋𝑖

+
1

2
ℎ𝑖 𝑤𝑞 𝑋𝑖

2
+ 𝛾𝑇 +

1

2
𝜁 σ𝑗=1

𝑇 𝑤𝑗
2   

           = σ𝑗=1
𝑇 σ𝑖∈𝐼𝑗

𝑔𝑖 𝑤𝑗 +
1

2
σ𝑖∈𝐼𝑗

ℎ𝑖 + 𝜁 𝑤𝑗
2

+ 𝜆𝑇

           = σ𝑗=1
𝑇 𝐺𝑖𝑤𝑗 +

1

2
𝐻𝑖 + 𝜁 𝑤𝑗

2
+ 𝜆𝑇 

• The best 𝑤𝑗 to minimize 𝑜𝑏𝑗 𝑡  is given by 𝑤𝑗
∗ = −

𝐺𝑖

𝐻𝑖+𝜁

Replace 𝑓𝑡 𝑋𝑖  by 𝑤𝑞 𝑋𝑖

Change the sum by leaves

ቐ ቐ

𝐺𝑖 𝐻𝑖
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