DATASCI 347 Machine Learning

Lecture 2: Bias-variance decomposition

Ruoxuan Xiong

Suggested reading: ISL. Chapter 2
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Lecture plan

* Bias-variance decomposition for regression problems (MSE)
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Training vs. test data and MSE

¢ Tfaining data: data (Xl' Yl) (Xz, Yz) o (XTU YTL) used to fit f
* Training MSE: MSE = —Z (Y — F(X)?

* Test data: data, (X{,Y7), (X5,Y5),..., (X, Yim) previous unseen and 7of
used to fit f

* Test MSE: MSE = =Y _(Y/ — f(X)))?

* We care more about test MSE than training MSE

* It measures how well the model generalizes

* A low training MSE does not imply a low test MSE
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MSE varies with model flexibility
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Test MSE = 0.533

1/26/2026

Simulated Dataset 1

= = y~poly(x.2) .
o
R

Test MSE = 0.518

Simulated Dataset 1

Test MSE = 0.564

Mean Squared Error

0.5 1.0 1.5 2.0 2.5

0.0

Test MSE

-------------------------------------- Trat

ning MSE

Flexibility



Why does MSE vary with model tlexibility?

* Suppose the #ue regression function is f(x) = x* (x is a scalar)

* We fit 7zodels of increasing [lexibility to approximate this function
* Constant model: fo (x) = B,
* Linear model: fl(x) = ,30 + x - ,@1
* QQuadratic model: fz(x) = ,30 + X - Bl + x? -,BAZ
* Ninth degree polynomial model: fg(x) = ,éo + x - ,31 + 4 x? - Bg

* The model is more flexcible 1t the polynonzial degree is larger
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Four fitted models

Four Polynomial Models fit to a Simulated Dataset

- B);: ;O:YEX' g
y ~ poly(x, .
o | = Y=polix9) * Zero predictor model fits pootly
— | — truth
* Linear model is reasonable
. * Quadratic model fits much better
- * Ninth degree model seems rather wild
OIO 0|2 Of4 0|6 0|8 l|0
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Model fits change across training datasets

* In general, the fitted model depends on the training data

* When we refit the same model on different datasets:
* The constant model f 0 (x )changes only slightly
* The 9th-degree polynomial f 9 (x)can change dramatically

* This variability across training sets is called the variance of the model

* The variance of f 0(x) is smaller than the variance of fg (x)
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Predicting f(xg) at a specific point X

Simulated Predictions for Polynomial Models

* We study prediction at a single test input

* Test point: xo = 0.9

e True value: f(x, = 0.9) = x5 = 0.81 °
* We generate 250 independent training :  bias
datasets 0l
* For each dataset, we fit polynomial models - b - _
u t
of degree 0,1,2, and 9, and record the S| poronat o vanes
prediction f(xqo = 0.9) g/- — . | .
0 1 2 9
Average prediction across 250 f (x, = 0.9) Polynomial Degree

Each dot = one prediction f (xg) from a different dataset
The horizontal line = true value f(x;) = 0.81

The center of the cloud = average prediction

The spread of the cloud X variance of the model
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Bias and variance of prediction at X

Simulated Predictions for Polynomial Models

* The squared bias

f2(0) = fo(x) < f1(x) < fo(x)

* Increasing degree from 2 to 9 does not

meaningfully reduce bias

Predictions

* Variance

fol0) < AL < fo(0) < fo(x) .

>Increasing degree 1ncreases variance

} Proportional to variance

| |
0 1 2

Average prediction across 250 f (xo = 0.9) Polynomnial Degree
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Combining bias and variance

* The test mean squared error (MSE) depends on both bias and variance

Yo} .
o | = MSE
: Bias

Var

* As model tlexibility increases:

e Bias decreases

* Variance increases

0.5

0.0

* Their combined etfect produces the U-shaped test MSE curve
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Analyzing test MSE

* Suppose the true regression function is f
* The response satisfies Y = f(X) + ¢, with E[e | X] = 0
* Let the training dataset be D = {(X1, Y1), (X2, Y2), -, (X5, Y)}
* The fitted model f depends on training data D
* If we change the training data D, we get a different estimate f

* Prediction at a fixed test point X
* The MSE at X can be decomposed as

MSE(x) = Ey\xp [(Y — f(X))z | X = xo] = Ep [(f(xo) - f(xo))zl + VY|X[Y | X = x]
— N ~ y N . J

Expected value over D and Y| X Reducible error Irreducible error




Decomposition of MSE

* The MSE at xy can be decomposed as

" 2 . 2
MSE(xo) = Ey|x,p [(Y - f(X)) | X = Xo] = Ep [(f(xo) - f(xo)) ] + Vyix[Y 1 X = x,]
W_J & ~ J u ~ Y
Expected value over Y |X and D Reducible error Irreducible error

* The MSE at x is the expected prediction etror for

* anew response Y
* ata fixed input Xy = x,

* using a model ftrained on random data D

* 'Two sources of randomness
* Noise in the outcome: Y}, is random because Y = f(X) + € and € is random

* Randomness in fitted model f : f is random because it depends on randomly sampled D
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Irreducible error

* The MSE at xy can be decomposed as

o 2 R 2

MSE(xo) = Ey\xp [(Y — f(X)) | X = xo] = Ep [(f(xo) — f(xo)) ] + VY|X[Y | X = xo]
|\ ~ J ¢ ~ J

Expected value over Y|X and D Reducible error Irreducible error

* Irreducible error: the variance of Y given that X = X,

* If Y = f(X) + € with E[e] = 0 and V[e] = 0 , then Vyx[V | X = x] = 02

* Irreducible error can not be reduced for any f
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Reducible error

* The MSE at xy can be decomposed as

| S

MSE(x,) = Evixp [(Y - f(X))Z | X = xo] = Ep [(f(xo) - f(xo))zl + VY|X[Y | X = x

J u
Y Y

Expected value over Y|X and D Reducible error Irreducible error

* Reducible error: the expected squared error by using f (xo) to estimate f(xg)
* The randomness comes from training data D used to obtain f (both f and x atre fixed)

* Reducible error can be reduced by using a better f
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Bias-variance decomposition ot reducible error

* Reducible error can be decomposed as the sguared bias and variance

Ep [(f(xo) — f(»co))z] = (f (o) — Enl[f (xo)1)” + Ep (£ (o) — Enlf (xo)1) ]

bias?(f(x,)) var(f (xp))

* Take home exercise: Prove this decomposition
* Hint: Use the property
n 2 n n n 2
Ep |(FGr0) = Fx0)) | = o |(£ o) = EnlFG)] + Enlf ()] = f(x0)) |

~

A B
ED[(A + B)Z] — AZ + ZAED[B] + ED[BZ] — AZ + ED[BZ]
W_J
=0 (A is nonrandom and Ep[A%] = A?)
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Recall our toy example

Simulated Predictions for Polynomial Models
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Summing up the decomposition

* The MSE at xy can be decomposed as

MSE(x,) = bias? (f(xo)) + var (f(xo)) + o2
1\ ~ J W_J

Reducible error Irreducible error
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Visualizing the bias-variance tradeott

Y=f(X)+¢ f is complicated, f is simple, f is complicated,
hich SNR

7 ; = MSE

Var(e) =1 low SNR low SNR

25
25

SNR: Signal-to-noise ratio
Signal measured by f(X)

Noise measured by &
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