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DATASCI 347 Machine Learning

Lecture 17: Neural Networks



Announcements

• Extension of  HW3 deadline to Friday 4/3

• Office hour this week: Tuesday 3-4 PM



Recognizing handwritten digits

• Input is a collection of  handwritten digits from 0 to 9 in black and white

• MNIST data set
• 50,000 handwritten digits for training

• 5,000 for validation

• 5,000 for testing

Link to dataset http://yann.lecun.com/exdb/mnist/

http://yann.lecun.com/exdb/mnist/


Colored digits

• Colored MNIST: Colored digits in a black ground
• Input is represented from 3 times 28 times 28 pixels

• A naive model may simply predict the digit based on its color---a problem known as 
spurious correlation

• Link: https://github.com/facebookresearch/InvariantRiskMinimization/blob/main/code/colored_mnist/main.py

https://github.com/facebookresearch/InvariantRiskMinimization/blob/main/code/colored_mnist/main.py


Single-layer neural network

• A neural network takes an input vector 

𝑋 = 𝑋1, 𝑋2, ⋯ , 𝑋𝑝  and builds a 
nonlinear function 𝑓 𝑋  to predict 𝑌 

• This simple approach works well on 
MNIST (over 90% test accuracy)



Single-layer neural network

• The neural network model has the 
form

𝑓 𝑋 = 𝛽0 + σ𝑘=1
𝐾 𝛽𝑘ℎ𝑘 𝑋  

Here ℎ𝑘 𝑋  is a neuron / hidden unit 
(analogous to neurons in the brain)

𝐴𝑘 = ℎ𝑘 𝑋 = 𝑔 𝑤𝑘0 + σ𝑗=1
𝑝

𝑤𝑘𝑗𝑋𝑗  

𝑔 is a nonlinear activation function



Activation function

• In the early instances of  neural networks, 
the sigmoid activation function is preferred 

𝑔 𝑧 =
1

1+𝑒−𝑧
 

• In modern neural networks, ReLU 
(rectified linear unit) is the preferred choice

𝑔 𝑧 = ቊ
0 𝑧 < 0
𝑧 𝑧 ≥ 0

 



A toy example

• Two features 𝑋 = 𝑋1, 𝑋2  and two hidden units ℎ1 𝑋  and ℎ2 𝑋  with 
𝑔 𝑧 = 𝑧2

• We specify parameters as (9 parameters in total) 

𝛽0 = 0 𝛽1 =
1

4
𝛽2 = −

1

4
𝑤10 = 0 𝑤11 = 1 𝑤12 = 1
𝑤20 = 0 𝑤21 = 1 𝑤22 = −1

ℎ1 𝑋 = 𝑤10 +𝑤11𝑋1 +𝑤12𝑋2
2 = 0 + 𝑋1 + 𝑋2

2 

ℎ2 𝑋 = 𝑤20 +𝑤21𝑋1 +𝑤22𝑋2
2 = 0 + 𝑋1 − 𝑋2

2 

𝑓 𝑋 = 𝛽0 + 𝛽1ℎ1 𝑋 + 𝛽2ℎ2 𝑋 =
1

4
0 + 𝑋1 + 𝑋2

2 −
1

4
0 + 𝑋1 − 𝑋2

2 = 𝑋1𝑋2 



Another example

• Three features 𝑋 = 𝑋1, 𝑋2, 𝑋3  and one hidden unit ℎ 𝑋  with ReLU 
activation 𝑔 𝑧 = 𝑧 if  𝑧 ≥ 0 and 0 otherwise

• There is a brand-new restaurant that had just opened in Decatur

• 𝑋1 = “Is the dinner over $30 per person?”; 𝑤1 = −30

• 𝑋2 = “Is the parking fee over $10?”; 𝑤2 = −10

• 𝑋3 = “Is the wait time over half  an hour?”; 𝑤3 = −10

• Intercept 𝑤0 = 40 (can be interpreted as budget)

• 𝑦 = ℎ 𝑋 = 𝑔(𝑤0 +𝑤1𝑋1 +𝑤2𝑋2 +𝑤3𝑋3) determines whether to go 
or not

• If  𝑋1 = 1, 𝑋2 = 1, 𝑋3 = 0, then 𝑦 = 1

• If  𝑋1 = 0, 𝑋2 = 1, 𝑋3 = 1, then 𝑦 = 1

• If  𝑋1 = 1, 𝑋2 = 1, 𝑋3 = 1, then 𝑦 = 0



Design choices

• Width: Number of  neurons in the hidden layer

• In the following example, width is five



Design choices

• Width also determines the number of  parameters in the network

• Quiz: how many parameters in total?

𝑓 𝑋 = 𝛽0 + σ𝑘=1
𝐾 𝛽𝑘ℎ𝑘 𝑋  

𝐴𝑘 = ℎ𝑘 𝑋 = 𝑔 𝑤𝑘0 + σ𝑗=1
𝑝

𝑤𝑘𝑗𝑋𝑗  



Multilayer neural networks

• Modern neural networks typically have more than one hidden layer and 
often many units per layer

Test error rate on the MNIST data



Parameters in modern neural networks

• Number of  parameters is often very large for modern neural networks

• Large parameter space comes with large model capacity

• Number of  parameters can be much higher than the number of  labeled 
examples

ConvNet # Params

AlexNet 60M

VGG19 140M

ResNet-50 25M

≫  1.5M

Deep networks



Loss function to fit a neural network

• Fitting a neural network requires estimating the unknown parameters (𝛽𝑘 
and 𝑤𝑘𝑗)

• For a regression problem, typically squared-error is used

σ𝑖=1
𝑛 𝑦𝑖 − 𝑓 𝑥𝑖

2
 



Loss function to fit a neural network

• For a classification problem, typically cross-entropy (negative multinomial log-
likelihood) is used 

−σ𝑖=1
𝑛 σ𝑚 𝑦𝑖𝑚 log 𝑓𝑚(𝑥𝑖)  

𝑌 = 𝑌0, 𝑌1, ⋯ , 𝑌𝑀  with a one in the position corresponding to label and zeros 
elsewhere (𝑀 + 1 classes)

𝑓𝑚 𝑋 = Pr 𝑌 = 𝑚 ∣ 𝑋  the probability in class 𝑚

• Example: for MNIST, the label space is {0,1,2, … , 9}. The probability 
𝑓𝑚 𝑋  for all 𝑚 may look like [0.01, 0.9, 0.01, 0.01, 0.01, 0.01, 0.01, 0.02, 
0.01, 0.01]



PyTorch

CrossEntropyLoss = Negative Log Likelihood applied to SoftMax

• 𝐿 is the label space

• 𝑦𝑛 is the label of  𝑥𝑛

• 𝑥𝑛,𝑐 is the softmax output probability of  𝑥𝑛 for label 𝑐

https://pytorch.org/docs/stable/generated/torch.nn.CrossEntropyLoss.html 

https://pytorch.org/docs/stable/generated/torch.nn.CrossEntropyLoss.html
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