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DATASCI 347 Machine Learning

Lecture 14: Random forests and boosting



Logistics for group project presentation

• We will have a project presentation on Wednesday, 3/18

• Each group has 5 minutes. Please sign up a slot

• Please prepare 3 slides for the presentation and send them to me before 
11:59 PM on Tuesday, 3/17

• Ad hoc office hours from 4:00-5:00 PM on Tuesday, 3/17



Template for the presentation

• P1: What is the problem? Why is it interesting?

• P2: Which dataset do you plan to use?

• P3: What are the approaches you plan to explore?

• P4: Why are these approaches reasonable to consider? Also, include any 
specific limitations.

• P5: What is the expected timeline for conducting the project? Also, 
including the division of  work between every student in the team.



Lecture plan

• Random forests

• Boosting

3/16/2026



Decision tree has a high variance

• Example: Predicting a baseball player’s salary
• Split the training data into two equal-sized parts at random creates disparity
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|
CHits < 417

CRuns < 90.5

CRBI < 24.5

Walks < 61

PutOuts < 211

Hits < 95.5

CWalks < 415.5

5.644 4.642

5.545

5.942 6.382
6.627

6.672 7.205

|
CAtBat < 1283

CRBI < 55.5 CRBI < 307.5

PutOuts < 338.5Hits < 106.5 CAtBat < 1565 AtBat < 377.5

AtBat < 603
Years < 9.5

4.564 5.254

5.842 6.303 6.053 5.433

6.136
6.921 6.501 7.227

Subsample 1 Subsample 2



Bagging decision trees to reduce variance

• Idea: Bootstrap aggregation (mean / majority of  predictions for 
regression / classification tasks)

3/16/2026

𝑋1 𝑌1

𝑋2 𝑌2

𝑋1 𝑌1

𝑋5 𝑌5

𝑋4 𝑌4

𝑋4 𝑌4

𝑋1 𝑌1

𝑋3 𝑌3

𝑋2 𝑌2

𝑋3 𝑌3

𝑋5 𝑌5

𝑋2 𝑌2

𝑋3 𝑌3

𝑋2 𝑌2

𝑋1 𝑌1

𝑋5 𝑌5

𝑋3 𝑌3

𝑋3 𝑌3

𝑋1 𝑌1

𝑋2 𝑌2

መ𝑓1(𝑥) 

መ𝑓2(𝑥) 

መ𝑓3(𝑥) 

መ𝑓4(𝑥) 

|
CAtBat < 1247

CRuns < 17

CRBI < 55.5

RBI < 61.5

6.315

4.538 5.269

6.226 6.765

|
CAtBat < 1296

CAtBat < 523.5 Hits < 116

CRBI < 342.5
4.561 5.254

6.119

6.370 7.034

|
CAtBat < 1453

CRuns < 91 Hits < 117.5

CRBI < 2414.766 5.447

6.084

5.688 6.885

|
CRuns < 207

CAtBat < 720.5

AtBat < 154

Walks < 64

6.680 4.573

5.509
6.364 6.961

Sample #1

Sample #2

Sample #3

Sample #4



Bagging has a problem

• The trees produced by different Bootstrap samples can be very similar

• Three decision trees first split by CAtBat
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መ𝑓1(𝑥) መ𝑓2(𝑥) መ𝑓3(𝑥) መ𝑓4(𝑥) 

|
CAtBat < 1247

CRuns < 17

CRBI < 55.5

RBI < 61.5

6.315

4.538 5.269

6.226 6.765

|
CAtBat < 1296

CAtBat < 523.5 Hits < 116

CRBI < 342.5
4.561 5.254

6.119

6.370 7.034

|
CAtBat < 1453

CRuns < 91 Hits < 117.5

CRBI < 2414.766 5.447

6.084

5.688 6.885

|
CRuns < 207

CAtBat < 720.5

AtBat < 154

Walks < 64

6.680 4.573

5.509
6.364 6.961



Random forests

• Random forests: Bagging plus random sampling of  predictors
• We fit a decision tree to each Bootstrap samples

• When fitting the tree, we select a random subset of  𝑚 < 𝑝 predictors to consider 
in each step

• This will lead to very different trees from each sample

• Finally, aggregate (mean or majority vote) the prediction of  each tree

3/16/2026



Random forests

• Random forests to predict a baseball player salary: 𝑝 = 19, 𝑚 = 5
• 𝑋𝑖,𝑗 : 𝑗th predictor of  observation 𝑖
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𝑋1,4 𝑋1,17 𝑋1,9 𝑋1,6 𝑋1,1 𝑌1

𝑋2,4 𝑋2,17 𝑋2,9 𝑋2,6 𝑋2,1 𝑌2

𝑋1,4 𝑋1,17 𝑋1,9 𝑋1,6 𝑋1,1 𝑌1

𝑋5,4 𝑋5,17 𝑋5,9 𝑋5,6 𝑋5,1 𝑌5

𝑋4,4 𝑋4,17 𝑋4,9 𝑋4,6 𝑋4,1 𝑌4

𝑋4,16 𝑋4,5 𝑋4,19 𝑋4,18 𝑋4,1 𝑌4

𝑋1,16 𝑋1,5 𝑋1,19 𝑋1,18 𝑋1,1 𝑌1

𝑋3,16 𝑋3,5 𝑋3,19 𝑋3,18 𝑋3,1 𝑌3

𝑋2,16 𝑋2,5 𝑋2,19 𝑋2,18 𝑋2,1 𝑌2

𝑋3,16 𝑋3,5 𝑋3,19 𝑋3,18 𝑋3,1 𝑌3

𝑋5,6 𝑋5,14 𝑋5,1 𝑋5,4 𝑋5,8 𝑌5

𝑋2,6 𝑋2,14 𝑋2,1 𝑋2,4 𝑋2,8 𝑌2

𝑋3,6 𝑋3,14 𝑋3,1 𝑋3,4 𝑋3,8 𝑌3

𝑋2,6 𝑋2,14 𝑋2,1 𝑋2,4 𝑋2,8 𝑌2

𝑋1,6 𝑋1,14 𝑋1,1 𝑋1,4 𝑋1,8 𝑌1

𝑋5,17 𝑋5,6 𝑋5,13 𝑋5,5 𝑋5,7 𝑌5

𝑋3,17 𝑋3,6 𝑋3,13 𝑋3,5 𝑋3,7 𝑌3

𝑋3,17 𝑋3,6 𝑋3,13 𝑋3,5 𝑋3,7 𝑌3

𝑋1,17 𝑋1,6 𝑋1,13 𝑋1,5 𝑋1,7 𝑌1

𝑋2,17 𝑋2,6 𝑋2,13 𝑋2,5 𝑋2,7 𝑌2

መ𝑓1(𝑥) 

መ𝑓2(𝑥) 

መ𝑓3(𝑥) 

መ𝑓4(𝑥) 

Sample #1

Sample #2

Sample #3

Sample #4

|
CHits < 316

AtBat < 126.5

CHits < 135.5

AtBat < 426.5

6.315

4.501 5.231

6.157 6.637

|
RBI < 49.5

PutOuts < 399.5 PutOuts < 228.5

RBI < 71.55.524 6.463

5.630 6.450

6.683

|
CAtBat < 1453

CAtBat < 696.5 AtBat < 367

CAtBat < 1779.54.774 5.452

6.011

6.006 6.781

|
CWalks < 115

Walks < 7.5

CWalks < 54.5

Walks < 64

6.568

4.530 5.382

6.312 6.901



Random forests

• Average all the predictions

መ𝑓𝑟𝑓 𝑥 =
1

4
{ መ𝑓1 𝑥 + መ𝑓2 𝑥 + መ𝑓3 𝑥 + መ𝑓4(𝑥)}

• More generally, if  we have 𝐵 bootstrapped training data sets, መ𝑓𝑟𝑓 𝑥 =
1

𝐵
{ መ𝑓1 𝑥 + መ𝑓2 𝑥 + ⋯ + መ𝑓𝐵(𝑥)}
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መ𝑓1(𝑥) መ𝑓2(𝑥) መ𝑓3(𝑥) መ𝑓4(𝑥) 

|
CHits < 316

AtBat < 126.5

CHits < 135.5

AtBat < 426.5

6.315

4.501 5.231

6.157 6.637

|
RBI < 49.5

PutOuts < 399.5 PutOuts < 228.5

RBI < 71.55.524 6.463

5.630 6.450

6.683

|
CAtBat < 1453

CAtBat < 696.5 AtBat < 367

CAtBat < 1779.54.774 5.452

6.011

6.006 6.781

|
CWalks < 115

Walks < 7.5

CWalks < 54.5

Walks < 64

6.568

4.530 5.382

6.312 6.901



Bagging vs. random forests
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መ𝑓1(𝑥) መ𝑓2(𝑥) መ𝑓3(𝑥) መ𝑓4(𝑥) 

|
CAtBat < 1247

CRuns < 17

CRBI < 55.5

RBI < 61.5

6.315

4.538 5.269

6.226 6.765

|
CAtBat < 1296

CAtBat < 523.5 Hits < 116

CRBI < 342.5
4.561 5.254

6.119

6.370 7.034

|
CAtBat < 1453

CRuns < 91 Hits < 117.5

CRBI < 2414.766 5.447

6.084

5.688 6.885

|
CRuns < 207

CAtBat < 720.5

AtBat < 154

Walks < 64

6.680 4.573

5.509
6.364 6.961

|
CHits < 316

AtBat < 126.5

CHits < 135.5

AtBat < 426.5

6.315

4.501 5.231

6.157 6.637

|
RBI < 49.5

PutOuts < 399.5 PutOuts < 228.5

RBI < 71.55.524 6.463

5.630 6.450

6.683

|
CAtBat < 1453

CAtBat < 696.5 AtBat < 367

CAtBat < 1779.54.774 5.452

6.011

6.006 6.781

|
CWalks < 115

Walks < 7.5

CWalks < 54.5

Walks < 64

6.568

4.530 5.382

6.312 6.901

Random forests

Bagging Bagging Bagging Bagging

Random forests Random forests Random forests

CAtBat CAtBat CAtBat

CAtBat

CRuns

CWalksRBICHits



Bagging vs. random forests

• Example: Predict whether a patient with chest pain has heart disease
• Random forests outperform bagging

• 𝑚 = 𝑝
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Random forests, choosing 𝑚 

• Example: Predict cancer type (either normal or 1 of  14 different types of  
cancer) based on 500 genes
• Error rate of  a single tree: 45.6%

• Using 400 trees is sufficient

• The optimal 𝑚 is usually around 𝑝, but this can be used as a tuning parameter
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Lecture plan

• Random forests

• Boosting

3/16/2026



Boosted trees

• Boosted trees
• Trees are grown sequentially using the information left from previously grown 

trees

• Each tree is fit on a modified version of  the original data

• Random forests involve a lot of  randomness, while boosting has less 
randomness

• Random forests are easy to parallelize, but boosting is often more 
scalable (through smaller tree size) 

3/16/2026



Boosting (combine weak learners)

• Step 1: Set መ𝑓 𝑥 = 0, and 𝑟𝑖 = 𝑦𝑖 for 𝑖 = 1, ⋯ , 𝑛.

• Step 2: For 𝑏 = 1, ⋯ , 𝐵, iterate:

• Fit a decision tree መ𝑓𝑏 with 𝑑 splits (𝑑 + 1 terminal nodes) to the response 𝑟1, ⋯ , 𝑟𝑛

• Update the prediction to

መ𝑓 𝑥 ← መ𝑓 𝑥 + 𝜆 መ𝑓𝑏 𝑥

• Update the residuals

𝑟𝑖 ← 𝑟𝑖 − 𝜆 መ𝑓𝑏 𝑥𝑖

• Step 3: Output the final model

መ𝑓 𝑥 = ෍

𝑏=1

𝐵

𝜆 መ𝑓𝑏 𝑥
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Boosting
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𝑋1 𝑌1

𝑋2 𝑌2

𝑋3 𝑌3

𝑋4 𝑌4

𝑋5 𝑌5

መ𝑓1(𝑥) 

𝑋1 𝑟1
1

𝑋2 𝑟2
1

𝑋3 𝑟3
1

𝑋4 𝑟4
1

𝑋5 𝑟5
1

𝑟𝑖
1 ← 𝑌𝑖 − 𝜆 መ𝑓1 𝑋𝑖

መ𝑓2(𝑥) 

𝑋1 𝑟1
2

𝑋2 𝑟2
2

𝑋3 𝑟3
2

𝑋4 𝑟4
2

𝑋5 𝑟5
2

𝑟𝑖
2 ← 𝑟𝑖

1 − 𝜆 መ𝑓2 𝑋𝑖

መ𝑓3(𝑥) 

⋯ 

|CAtBat < 1452

5.093 6.464

|Assists < 222.5

 0.04544 -0.16420

|RBI < 14.5

 0.29520 -0.01167

መ𝑓 𝑥 = 𝜆 መ𝑓1 𝑥 + 𝜆 መ𝑓2 𝑥 + 𝜆 መ𝑓3 𝑥 + ⋯ + 𝜆 መ𝑓𝐵(𝑥)



Tuning parameters in boosting

• The number of  trees 𝐵
• Boosting can overfit if  𝐵 is too large (a.k.a. early stopping)

• Use cross-validation to select 𝐵

• The shrinkage parameter 𝜆
• Typical values are 0.01 or 0.001

• Very small 𝜆 requires a large 𝐵 to achieve good performance

• The number of  splits/depth 𝑑 in each tree

• 𝑑 = 1 works well

• Remark:
• Also called gradient boosting

• 𝜆 is learning rate
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Boosting vs. random forests

• Example: Predict cancer type (either normal or 1 of  14 different types 
of  cancer) based on 500 genes
• 𝜆 = 0.01

• Depth-1 trees outperform depth-2 trees

• Both outperform random forests
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AdaBoost

• A particular method of  training a boosted classifier 

• For example, 𝑌 ∈ −1,1  is binary

𝑋1 𝑌1 1/5

𝑋2 𝑌2 1/5

𝑋3 𝑌3 1/5

𝑋4 𝑌4 1/5

𝑋5 𝑌5 1/5

Fitted tree መ𝑓1(𝑥)
Correctly predict all 

samples besides 𝑌3 and 𝑌5  

Initial weight

𝐴𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑡𝑎𝑦 =
1

2
log

1 − 𝑇𝑜𝑡𝑎𝑙 𝐸𝑟𝑟𝑜𝑟

𝑇𝑜𝑡𝑎𝑙 𝐸𝑟𝑟𝑜𝑟
=

1

2
log

1 − 2/5

2/5
= 0.088

𝑇𝑜𝑡𝑎𝑙 𝐸𝑟𝑟𝑜𝑟 =
1

𝑛
෍

𝑖

𝐼( መ𝑓 𝑋𝑖 ≠ 𝑌𝑖) =
2

5

Next we increase the sample weight for the sample that was 

incorrectly classified. We decrease the sample weight for the sample 

that was correctly classified.



AdaBoost

• A particular method of  training a boosted classifier

• For example, 𝑌 ∈ −1,1  is binary

𝐴𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑡𝑎𝑦 =
1

2
log

1 − 𝑇𝑜𝑡𝑎𝑙 𝐸𝑟𝑟𝑜𝑟

𝑇𝑜𝑡𝑎𝑙 𝐸𝑟𝑟𝑜𝑟
=

1

2
log

1 − 2/5

2/5
= 0.088

Next we increase the sample weight for the sample that was 

incorrectly classified

𝑁𝑒𝑤 𝑠𝑎𝑚𝑝𝑙𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 = 𝑠𝑎𝑚𝑝𝑙𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 × exp 𝐴𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑡𝑎𝑦

𝑁𝑒𝑤 𝑠𝑎𝑚𝑝𝑙𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 =
1

5
× exp 𝐴𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑡𝑎𝑦 = 0.2184

We decrease the sample weight for the sample that was 

correctly classified

𝑋1 𝑌1 1/5

𝑋2 𝑌2 1/5

𝑋3 𝑌3 1/5

𝑋4 𝑌4 1/5

𝑋5 𝑌5 1/5

Fitted tree መ𝑓1(𝑥)
Correctly predict all 

samples besides 𝑌3 and 𝑌5  

Initial weight

𝑁𝑒𝑤 𝑠𝑎𝑚𝑝𝑙𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 = 𝑠𝑎𝑚𝑝𝑙𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 × exp −𝐴𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑡𝑎𝑦

𝑁𝑒𝑤 𝑠𝑎𝑚𝑝𝑙𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 =
1

5
× exp −𝐴𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑡𝑎𝑦 = 0.1831



AdaBoost

• A particular method of  training a boosted classifier

• For example, 𝑌 ∈ −1,1  is binary

𝑋1 𝑌1 1/5

𝑋2 𝑌2 1/5

𝑋3 𝑌3 1/5

𝑋4 𝑌4 1/5

𝑋5 𝑌5 1/5

Fitted tree መ𝑓1(𝑥)
Correctly predict all 

samples besides 𝑌3 and 𝑌5  

Initial weight

𝑋1 𝑌1 0.1831

𝑋2 𝑌2 0.1831

𝑋3 𝑌3 0.2184

𝑋4 𝑌4 0.1831

𝑋5 𝑌5 0.2184

New weight

Update weight

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑤𝑒𝑖𝑔ℎ𝑡𝑠 =  0.9862 ≠ 1



AdaBoost

• A particular method of  training a boosted classifier

• For example, 𝑌 ∈ −1,1  is binary

𝑋1 𝑌1 1/5

𝑋2 𝑌2 1/5

𝑋3 𝑌3 1/5

𝑋4 𝑌4 1/5

𝑋5 𝑌5 1/5

Fitted tree መ𝑓1(𝑥)
Correctly predict all 

samples besides 𝑌3 and 𝑌5  

Initial weight

𝑋1 𝑌1 0.1831/0.9862

𝑋2 𝑌2 0.1831/0.9862

𝑋3 𝑌3 0.2184/0.9862

𝑋4 𝑌4 0.1831/0.9862

𝑋5 𝑌5 0.2184/0.9862

New weight

Update weight

Fitted tree መ𝑓2(𝑥)
መ𝑓 𝑥 = 𝑆𝑖𝑔𝑛 ෍

𝑏=1

𝐵

𝜆𝑏
መ𝑓𝑏 𝑥

⋯ 

Predict the most likely class



XGBoost

• XGBoost (eXtreme Gradient Boosting) is an open-source software 
library that provides a regularized gradient-boosting framework 

• Objective function is

𝑜𝑏𝑗 𝜃 = 𝐿 𝜃 + Ω(𝜃)

• 𝐿 = σ𝑖 𝑙 𝑌𝑖 , ෠𝑌𝑖  is the training loss function

• Regression problem: 𝑙 𝑌𝑖 , ෠𝑌𝑖 = 𝑌𝑖 − ෠𝑌𝑖
2

• Classification problem: 𝐿 can be the logistic loss



XGBoost

• XGBoost (eXtreme Gradient Boosting) is an open-source software 
library that provides a regularized gradient-boosting framework 

• Objective function is

𝑜𝑏𝑗 𝜃 = 𝐿 𝜃 + Ω(𝜃)

• Ω = σ𝑏 𝜔 𝑓𝑏  is the regularization term

• 𝜔 𝑓 = 𝛾𝑇 +
1

2
𝜁 σ𝑗=1

𝑇 𝑤𝑗
2 where 𝑓𝑏 𝑥 = 𝑤𝑞(𝑥), 

and 𝑞 is a function assigning each data point to the 
corresponding leaf



Additive training

• Parameters 𝜃 of  trees: structure of  the tree and leaf  predicted values

• Let the prediction value at step 𝑡 be ෠𝑌𝑖
(𝑡)

. Then we have (ignore 𝜆)

• ෠𝑌𝑖
(0)

= 0

• ෠𝑌𝑖
(1)

= ෠𝑌𝑖
(0)

+ 𝑓1 𝑋𝑖 = 𝑓1 𝑋𝑖

• ෠𝑌𝑖
(2)

= ෠𝑌𝑖
(1)

+ 𝑓2 𝑋𝑖 = 𝑓1 𝑋𝑖 + 𝑓2 𝑋𝑖

• ⋯

• ෠𝑌𝑖
(𝑡)

= ෠𝑌𝑖
(𝑡−1)

+ 𝑓𝑡 𝑋𝑖 = σ𝑏=1
𝑡 𝑓𝑏(𝑋𝑖)

• XGBoost provides an approach to obtain 𝑓𝑡 𝑋𝑖  that can reduce 𝑜𝑏𝑗 𝜃



Taylor expansion of  the objective function (optional)
• Objective function at step 𝑡

𝑜𝑏𝑗 𝑡 = σ𝑖=1
𝑛 𝑙 𝑌𝑖 , ෠𝑌𝑖

𝑡 + σ𝑏=1
𝑡 𝜔 𝑓𝑏  

 = σ𝑖=1
𝑛 𝑙 𝑌𝑖 , ෠𝑌𝑖

𝑡−1 + 𝑓𝑡(𝑋𝑖) + σ𝑏=1
𝑡 𝜔 𝑓𝑏  

• We take the Taylor expansion of  the loss function to the second order

𝑙 𝑌𝑖 , ෠𝑌𝑖
𝑡−1

+ 𝑓𝑡(𝑋𝑖) = 𝑙 𝑌𝑖 , ෠𝑌𝑖
𝑡−1

+ 𝑔𝑖𝑓𝑡 𝑋𝑖 +
1

2
ℎ𝑖 𝑓𝑡 𝑋𝑖

2

• 𝑔𝑖 and ℎ𝑖 are the first-order and second-order derivatives of  𝑙 𝑌𝑖 , ෠𝑌𝑖
𝑡−1

 w.r.t. ෠𝑌𝑖
𝑡−1

• Treat 𝑙 𝑌𝑖 , ෠𝑌𝑖
𝑡−1

 as a constant term

• Example (MSE loss) 

𝑌𝑖 − ( ෠𝑌𝑖
𝑡−1

+ 𝑓𝑡 𝑋𝑖 )
2

= 𝑌𝑖 − ෠𝑌𝑖
𝑡−1

2
+ 2 ෠𝑌𝑖

𝑡−1
− 𝑌𝑖 𝑓𝑡 𝑋𝑖 + 𝑓𝑡 𝑋𝑖

2

• 𝑔𝑖 = 2 ෠𝑌𝑖
𝑡−1

− 𝑌𝑖  and ℎ𝑖 = 2



The structure score (optional)

• Objective function at step 𝑡

𝑜𝑏𝑗 𝑡 = σ𝑖=1
𝑛 𝑙 𝑌𝑖 , ෠𝑌𝑖

𝑡
+ σ𝑏=1

𝑡 𝜔 𝑓𝑏  

 = σ𝑖=1
𝑛 𝑙 𝑌𝑖 , ෠𝑌𝑖

𝑡−1
+ σ𝑖=1

𝑛 𝑔𝑖𝑓𝑡 𝑋𝑖 +
1

2
ℎ𝑖 𝑓𝑡 𝑋𝑖

2 + 𝛾𝑇 +
1

2
𝜁 σ𝑗=1

𝑇 𝑤𝑗
2 

           = σ𝑖=1
𝑛 𝑔𝑖𝑤𝑞 𝑋𝑖

+
1

2
ℎ𝑖 𝑤𝑞 𝑋𝑖

2
+ 𝛾𝑇 +

1

2
𝜁 σ𝑗=1

𝑇 𝑤𝑗
2 + 𝐶   

           = σ𝑗=1
𝑇 σ𝑖∈𝐼𝑗

𝑔𝑖 𝑤𝑗 +
1

2
σ𝑖∈𝐼𝑗

ℎ𝑖 + 𝜁 𝑤𝑗
2

+ 𝛾𝑇 + 𝐶

           = σ𝑗=1
𝑇 𝐺𝑗𝑤𝑗 +

1

2
𝐻𝑗 + 𝜁 𝑤𝑗

2
+ 𝛾𝑇 + 𝐶 

• The best 𝑤𝑗 to minimize 𝑜𝑏𝑗 𝑡  is given by 𝑤𝑗
∗ = −

𝐺𝑗

𝐻𝑗+𝜁

Replace 𝑓𝑡 𝑋𝑖  by 𝑤𝑞 𝑋𝑖

Change the sum by leaves

ቐ ቐ

𝐺𝑗 𝐻𝑗
𝐶 = ෍

𝑖=1

𝑛

𝑙 𝑌𝑖 , ෠𝑌𝑖
𝑡−1
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