DATASCI 347 Machine Learning

Lecture 13: Bagging

Ruoxuan Xiong

Suggested reading: ISL. Chapter 8

EMORY




Decision tree

* Tree construction

* Partition the feature space into J distinct and non-overlapping regions,
Ry,Ry, -, R,

* Regression tree: Mean of the training observations in R i as the predicted value
for every point in region R;

* Classification tree: Pick #he most common class ot the training observations in R ;i as
the predicted value for every point in region R j

* Tree pruning to avoid overfitting, e.g., use cost complexity pruning
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Example of regression and classification trees

* Predict a baseball player’s salary * Predict heart disease (yes or no)

Years ;< 4.5
I

Thgl:a

Ca40.5 Ca405
Hits <[117.5
Yes Yes

MaxHR[< 161.5 ChestHain:bc

5.11

6.00 6.74
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Decision tree has a high variance

* Example: Predicting a baseball player’s salary

Chits < 417 CAtBat,< 1283
1
CRBI k 55.5 CRBI § 307.5
CRuns < 90.5 Walks < 61
4564 5.254 e <R ts AtBat £ 377.5
CRBI Kk 245 PutOut < 211 CWalks|< 415.5 Hits <AgBBISCABSR < 1565
) i 842 6. 6.053 5.433
5.545 Hits $ 95.5 ohpy 6672 7205 5842 6.303 5135 Year Aligatl< 603
5644  4.642 5942 6382 © M0 o em01 7227
Subsample 1 Subsample 2
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Bagging
* Bagging is a way to reduce such variance

* Idea: Bootstrap aggregation

* Example: Estimate the mean of Z

7, 1.03 )
Z =191
7, 1.56
o 1
%3 237 Var(Z) = — =< = 0.2
Z, 2.13 n
7. 2 47 Data generating process: Z~N(2,1)
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Toy example

Data set 1 Data set 2 Data set 3 Data set 4
z® 1.03 z® 3.44 z® -0.13 z® 0.94
z® 1.56 z® 3.06 z® 228 z(® 1.84
z® 2.37 z® 2.42 z® 2.09 z® 1.92
A% 213 z® 2.40 z® 2.72 z(® 2.49
Zél) 2.47 Zéz) -0.78 Z§3) 1.40 Z§4) 2.37

7MW =191 7@ =211 73 =1.67 Z7® =191
Var(Z() = 0.2 Var(Z(?) = 0.2 Var(Z®) = 0.2 Var(Z*) = 0.2
_ _ _ _ _ _ 0.2
Zagg = @D +Z@ +73 + 7)) 74 = 1.90 Var(zagg) = = 0.05
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Toy example

* In practice, we only have one training data set

* How can we create many data sets? Idea: Bootstrap

Sample #1 7, 1.03 Sample #3 Ze 2 47

Z, 1.56 Z, 1.56

Z4 1.03 Z3 2.37

4 105 Sampling with Zs 2.47 Zy 1.56

Z: — replacement Zy 2.13 Z4 1.03
Zs 2.37 —

Z, 213 Sample #2 Z, 213 Sample #4 A 2.47

Zs 247 Zq 1.03 Z3 2.37

Z3 2.37 Z3 2.37

Z, 1.56 Zq 1.03

Z3 2.37 Zy 1.56
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Bagging to reduce variance

* Estimate the mean on each bootstrap sampling set

Sample #1 A 1.03 Sample #3 Zs 247
Zy 1.56 Zy 1.56
Zs 2.47 ZM) =193 e 2.37 Z®) =1.80
Zs 2.47 Z, 1.56
Zy 2.13 Z4 1.03
Sample #2 Zy 2.13 Sample #4 Zs 2.47
A 1.03 Z3 2.37
73 2.37 7(2) = 1.89 Z: 2.37 Z® =196
Zs 1.56 Z4 1.03
Z3 2.37 Zy 1.56
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Toy example

* Average all estimates
7MW =193 7(2) =1.89 Z3) =1.80 7ZM =196
Zyag = (ZM +Z@ +Z2®) +7M) /4 = 1.90
* This is called bagging (Bootstrap aggregating)

* Bagging amounts to averaging the fits from B “weakly” dependent data sets,

which would reduce the variance by approximately a factor %
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Bagging for decision trees

* Estimate a decision tree model f (x) using bootstrap

X1 )£
X2 ¢
X3 Ys
Xy Y,
Xs Ys
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Sample #1

Sampling with
replacement

—
Sample #2

X1 Y
X2 ¢
X1 Y
Xs Ys
Xy Y,
X4 Y,
X1 Il
X3 Y3
X2 ¢
X3 Ys

Sample #3

Sample #4

Xs Ys
Xz ¢
X3 Y3
X2 ¢
X1 Y
Xs Ys
X3 Y3
X3 Y3
X1 il
Xz ¢




Bagging for decision trees

* Estimate a decision tree model f (x) using bootstrap

Sample #1 1) Sample #3 30
X1 Y | Xs Ys
X3 Y X, Y,
X1 Y X3 Ys
A Ys e [ X3 Y, I T?j
X4 Y, X1 Y
Sample #2 A Sample #4 A
X4 Yy fPe) Xq Y Fe(x) o
X, Y, X3 Y3
X5 Ya X3 Y3
X7 L, | . X1 ) I ey
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Bagging to reduce variance

* Average all the predictions

frx) f2(x) £2 () FA(x)

Hits <[11

) CRunp <91 117.5 CAtBat|< 720.5 Walks < 64
CRunb < 17 woidets _casa | 523.5 Hits £ 116 ’—$—‘
un| .
AtBat|< 154
CRBIk 555 4.766 5.447 CRBI|< 241 6.364 6.961
4.561 5.254 CRBI 43425 6084 5.509
6.315 6.226 6.765 6.119 :
4.538 5.269 6.370 7.034 5.688 6.885 6.680 4.573

) 1 . ) ) )
fpag () = {10 + 200 + £700) + (0}

* If we have B bootstrapped samples, fbag (x) = %{fl(x) + F2(x) + -+ FE(x)}
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Example

“ AtBat Hits HmRun Runs RBI Walks Years CAtBat CHits CHmRun CRuns CREI CWalks League Division PutOuts Assists Errors Salary NewlLeague
-Andy Allanson 293 66 1 30 29 14 1 293 66 1 30 29 14 A E 446 33 20 A

frx) f2(x) £2 () FA(x)

ccccccccc
}

Hits <|117.5

) CRun <91 - CAtBat|< 7205 Walks < 64
CRunk <17 ReIdo1s at|< 523.5 Hits 116 — *‘ ’—$—‘
u .
AtBat|< 154
CRBIk 55.5 4561 5.254 J P 4.766 5.447 CRBI< 241 5509 6.364 6.961
6315 i 6.226 6.765 6.119 ] oot
4538 5.269 6370 5.688 6.885 6.680 4573

7.034

f1(x) = 4.538 f2(x) = 4.561 f3(x) = 4.766 fH(x) = 4.573

frag(x) = %{fl(x) +F2(x0) + F2(x) + f*(x)} = (4.538 + 4.561 + 4.766 + 4.573) /4 = 4.6095
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Example: Predicting heart disease

* Example: Predict whether a patient with

0.30
|

chest pain has heart disease based on Age,
Sex, Chol (a cholesterol measure), and
other heart and lung function measures

0.25
|

* Dash line: Single tree

* Bagging outperforms a single decision tree

Error
0.20
|

* The number of trees B does not matter
after some threshold

0.15
|

* In practice, B = 100 is sufficient

—— Test: Baggin
Test: RandomForest

e When error has settled down — OOB: Bagging
OOB: RandomForest

0.10
|

I I I I I I I
0 50 100 150 200 250 300

Number of Trees
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Out-of-bag (OOB) error estimation

* Cross-validation: To estimate the test error of a bagging estimate, we
could use cross-validation

* Fach time we draw a bootstrap sample, we only use 63% of the
observations

e Related to Problem 1 in Homework 2

. . . 1N\
e We can show that an observation is not in the bootstrap sample 1s (1 — —) ~

1 n
- = 0.37

e

e Idea: Use the rest of the observations as a hold out set
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Out-of-bag (OOB) error estimation

e Idea: Use the rest of the observations as a hold out set

* Out-of-bag (OOB) error:

* For each sample X;, find the prediction Yib for all bootstrap samples b which do
not contain X;

* Around 0.37B of them. Average these predictions to obtain ?l-OOb

~ 1
. . \Voob _ V3 4
« Example: For the observation X, predict ¥ s =5 1)
P p? p3 7
Sample #1 Sample #2 Sample #3 Sample #4
X Y Xy Yy Xs Yg X5 Ys
X3 Y, Xy 1 X7 Y X3 Y3
X1 Yy X3 Y3 X3 Y3 X3 Y3
X Ys X7 Y, X7 Y X1 Y;
X4 Yy X3 Y3 X1 Y X, Y,
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Out-of-bag (OOB) error estimation
* Out-of-bag (OOB) errot:

* Step 1: For cach sample X;, find the prediction ¥} for all bootstrap samples b
which do not contain X;. These should be around 0.37B of them. Average these

predictions to obtain YiOOb

* Step 2: Compute the error (¥; — ¥;2°P)2

* Step 3: Average the errors over all observations i = 1,:--,n
* Example:

1 . . .
2 ((h = POOP)2 4 (1 = F9O0)2 ook (5 = F2°0)2)

Sample #1 Sample #2 Sample #3 Sample #4
X1 Y, Xy Yy X Ys X5 Ys
X7 Y Xy Y X; Y X3 Y3
Xy Y X3 Y3 X3 Y3 X3 Y3
X Ys X7 Y X7 Y X1 Y;
% Yy X3 Y3 Xy Y, X5 Y,
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Out-of-bag (OOB) error

* Example: Predict whether a patient with chest pain has heart disease

e OOB error follows a similar trend to test error

o
o
o
1o}
AN
o
s g
=]
w©
=
—— Test: Bagging
Test: RandomForest
o I— OOB: Baggingl
g — . RandomForest

I I I I I I I
0 50 100 150 200 250 300

Number of Trees
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Baggoing decision trees

* Disadvantage: Loss of interpretability * Example: Predicting heart disease
* Every time we fit a decision tree to a Fos |
Bootstrap sample, we get a different tree e |
o o o ExAn
* Solution: Variable importance - =
* For each predictor, add up the total amount siove [N
by which the RSS (or Gini index) decreases oo [
every time we use the predictor in i As: =
est
* Average the total over each Bootstrap var ([T
estimate T1, -+, T" ocvec [N
-

o
N
o
—_
o
o

40 60 80
Variable Importance
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Recall the classification tree to predict heart disease

* Example: Predict whether a patient with chest pain has heart disease
based on Age, Sex, Chol (a cholesterol measure), and other heart and
lung function measures Fos

RestECG

Thzlal:a
I ExAng

Sex
Slope
Chol

Age

RestBP

opegl< 1. < 1.
MaxHR
MaxHR|< 161.5 ChestRain:bc Age|< 52 Thlil:b RestECG <1
| | | ChestPain:a Yes Oldpeak
RestBF < 157 Yes No No Yes Yes
i Chol 244 No Chol k 244 Sex k05
- es

No Yes ChestPain

o o o es
No Yes Ca

Thal

o
N
o
—_
o
o

40 60 80
Variable Importance
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