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DATASCI 347 Machine Learning

Lecture 12: Classification tree and bagging



Regression tree

• Two main steps in constructing regression trees
1. Partition the feature space into 𝐽 distinct and non-overlapping regions, 

𝑅1, 𝑅2, ⋯ , 𝑅𝐽

2. Make the same prediction for every observation in region 𝑅𝑗 : Mean of  the 

training observations in 𝑅𝑗

• Tree pruning to avoid overfitting



Classification tree

• Classification trees work much like regression trees. Instead,

• In step 1, minimize the classification error rate (rather than RSS)

• In step 2, predict the response by majority vote, i.e. pick the most common 
class in every region
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Classification losses: The 0– 1 loss 

• The 0– 1 loss or misclassification rate in region 𝑚:

෍

𝑖∈𝑅𝑚

1(𝑌𝑖 ≠ ෠𝑌𝑅𝑚
)

• Example: 

• ෠𝑌𝑅𝑚
= red

•  σ𝑖∈𝑅𝑚
1(𝑌𝑖 ≠ ෠𝑌𝑅𝑚

) = 4
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Region 𝑚 



Classification losses: Gini index 

• The Gini index in region 𝑚

• 𝑝𝑚𝑘: proportion of  training observations in the 𝑚th region that are 
from 𝑘th class

• Example: 

• Ƹ𝑝𝑚,red =
6

10
= 0.6

• Ƹ𝑝𝑚,green =
4

10
= 0.4

• 𝐺𝑚 = 0.6 1 − 0.6 + 0.4 1 − 0.4 = 0.48
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𝐺𝑚 = ෍

𝑘=1

𝐾

Ƹ𝑝𝑚𝑘(1 − Ƹ𝑝𝑚𝑘)

Region 𝑚 



Classification losses: Gini index 
• The Gini index in region 𝑚

• 𝑝𝑚𝑘: proportion of  training observations in the 𝑚th region that are 
from 𝑘th class

• Example: 

• Ƹ𝑝𝑚,red =
9

10
= 0.9

• Ƹ𝑝𝑚,green =
1

10
= 0.1

• 𝐺𝑚 = 0.9 1 − 0.9 + 0.1 1 − 0.1 = 0.18

• 𝐺𝑚 is a measure of  node purity
• 𝐺𝑚 is small if  all Ƹ𝑝𝑚𝑘’s are close to zero or one

3/4/2026

𝐺𝑚 = ෍

𝑘=1

𝐾

Ƹ𝑝𝑚𝑘(1 − Ƹ𝑝𝑚𝑘)

Region 𝑚 



Classification losses: Entropy

• The entropy in region 𝑚

• 𝑝𝑚𝑘: proportion of  training observations in the 𝑚th region that are 
from 𝑘th class

• Example: 

• Ƹ𝑝𝑚,red =
6

10
= 0.6

• Ƹ𝑝𝑚,green =
4

10
= 0.4

• 𝐷𝑚 = −0.6 log 0.6 − 0.4 log 0.4 = 0.673
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𝐷𝑚 = − ෍

𝑘=1

𝐾

Ƹ𝑝𝑚𝑘 log Ƹ𝑝𝑚𝑘

Region 𝑚 



Classification losses: Entropy

• The entropy in region 𝑚

• 𝑝𝑚𝑘: proportion of  training observations in the 𝑚th region that are 
from 𝑘th class

• Example: 

• Ƹ𝑝𝑚,red =
9

10
= 0.9

• Ƹ𝑝𝑚,green =
1

10
= 0.1

• 𝐷𝑚 = −0.9 log 0.9 − 0.1 log 0.1 = 0.461

• 𝐷𝑚 is another measure of  purity
• 𝐷𝑚 is small if  all Ƹ𝑝𝑚𝑘’s are close to zero or one
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𝐷𝑚 = − ෍

𝑘=1

𝐾

Ƹ𝑝𝑚𝑘 log Ƹ𝑝𝑚𝑘

Region 𝑚 



Classification losses
• The 0–1 loss or misclassification rate in region 𝑚 (prune tree)

෍

𝑖∈𝑅𝑚

1(𝑌𝑖 ≠ ෠𝑌𝑅𝑚
)

• The Gini index in region 𝑚 (evaluate the quality of  a split)

𝐺𝑚 = ෍

𝑘=1

𝐾

Ƹ𝑝𝑚𝑘(1 − Ƹ𝑝𝑚𝑘)

• The entropy in region 𝑚 (evaluate the quality of  a split)

𝐷𝑚 = − ෍

𝑘=1

𝐾

Ƹ𝑝𝑚𝑘 log Ƹ𝑝𝑚𝑘
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Example: Predicting heart disease

• Predict whether a patient with chest pain has heart disease based on Age, 
Sex, Chol (a cholesterol measure), and other heart and lung function 
measures

• Some predictors are qualitative

• Thal (Thallium stress test)

• ChestPain

• Sex
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Thal =  𝑎 Thal ≠  𝑎



Example: Predicting heart disease

• Predict whether a patient with chest pain has heart disease based on Age, 
Sex, Chol (a cholesterol measure), and other heart and lung function 
measures

• Some predictors are qualitative

• Thal (Thallium stress test)

• ChestPain

• Sex
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ChestPain ∈ {𝑏, 𝑐} ChestPain ∉  {𝑏, 𝑐}



Example: Predicting heart disease

• Predict whether a patient with chest pain has heart disease based on Age, 
Sex, Chol (a cholesterol measure), and other heart and lung function 
measures

• Some terminal nodes have the same predicted value

• Reason: Increased node purity

• Example 

• RestECG ≥ 1:
9

9
 with Yes

• RestECG < 1:
7

11
 with Yes
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Example: Predicting heart disease

• Predict whether a patient with chest pain has heart disease based on Age, 
Sex, Chol (a cholesterol measure), and other heart and lung function 
measures

• Cross validation to prune tree
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Example: Predicting heart disease

• Predict whether a patient with chest pain has heart disease based on Age, 
Sex, Chol (a cholesterol measure), and other heart and lung function 
measures

• Pruned tree after cross-validation:
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Tree vs. linear models

• Linear model

 𝑓 𝑋 = 𝛽0 + σ𝑗=1
𝑝

𝑋𝑗𝛽𝑗

• Regression/Classification tree model

 𝑓 𝑋 = σ𝑚=1
𝑀 𝑐𝑚1(𝑋 ∈ 𝑅𝑚)
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Decision tree has a high variance

• Example: Predicting a baseball player’s salary
• Split the training data into two equal-sized parts at random creates disparity
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|
CHits < 417

CRuns < 90.5

CRBI < 24.5

Walks < 61

PutOuts < 211

Hits < 95.5

CWalks < 415.5

5.644 4.642

5.545

5.942 6.382
6.627

6.672 7.205

|
CAtBat < 1283

CRBI < 55.5 CRBI < 307.5

PutOuts < 338.5Hits < 106.5 CAtBat < 1565 AtBat < 377.5

AtBat < 603
Years < 9.5

4.564 5.254

5.842 6.303 6.053 5.433

6.136
6.921 6.501 7.227

Subsample 1 Subsample 2



Bagging

• Bagging is a way to reduce such variance

• Idea: Bootstrap aggregation

• Example: Estimate the mean of  𝑍
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𝑍1 1.03

𝑍2 1.56

𝑍3 2.37

𝑍4 2.13

𝑍5 2.47

ҧ𝑍 = 1.91

Data generating process: 𝑍~𝑁(2,1)

Var ҧ𝑍 =
𝜎2

𝑛
=

1

5
= 0.2



Toy example
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• Suppose we have many independent sampling of  data sets.

𝑍1
(1) 1.03

𝑍2
(1) 1.56

𝑍3
(1) 2.37

𝑍4
(1) 2.13

𝑍5
(1) 2.47

ҧ𝑍(1) = 1.91
Var( ҧ𝑍(1)) = 0.2

Data set 1

𝑍1
(2) 3.44

𝑍2
(2) 3.06

𝑍3
(2) 2.42

𝑍4
(2) 2.40

𝑍5
(2) -0.78

ҧ𝑍(2) = 2.11
Var( ҧ𝑍(2)) = 0.2

Data set 2

𝑍1
(3) -0.13

𝑍2
(3) 2.28

𝑍3
(3) 2.09

𝑍4
(3) 2.72

𝑍5
(3) 1.40

ҧ𝑍(3) = 1.67
Var( ҧ𝑍(3)) = 0.2

Data set 3

𝑍1
(4) 0.94

𝑍2
(4) 1.84

𝑍3
(4) 1.92

𝑍4
(4) 2.49

𝑍5
(4) 2.37

ҧ𝑍(4) = 1.91
Var( ҧ𝑍(4)) = 0.2

Data set 4

ҧ𝑍𝑎𝑔𝑔 = ( ҧ𝑍(1) + ҧ𝑍(2) + ҧ𝑍(3) + ҧ𝑍(4))/4 = 1.90 Var ҧ𝑍𝑎𝑔𝑔 =
0.2

4
= 0.05



Toy example

• In practice, we only have one training data set

• How can we create many data sets? Idea: Bootstrap
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𝑍1 1.03

𝑍2 1.56

𝑍3 2.37

𝑍4 2.13

𝑍5 2.47

Sampling with 

replacement

𝑍1 1.03

𝑍2 1.56

𝑍1 1.03

𝑍5 2.47

𝑍4 2.13

𝑍4 2.13

𝑍1 1.03

𝑍3 2.37

𝑍2 1.56

𝑍3 2.37

𝑍5 2.47

𝑍2 1.56

𝑍3 2.37

𝑍2 1.56

𝑍1 1.03

𝑍5 2.47

𝑍3 2.37

𝑍3 2.37

𝑍1 1.03

𝑍2 1.56

Sample #1

Sample #2

Sample #3

Sample #4
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